The optical conductivity of a system of electrons on the honeycomb lattice interacting through an electromagnetic field is computed by truncated exact Renormalization Group (RG) methods. We find that the conductivity has the universal value π/2 times the conductivity quantum up to negligible corrections vanishing as a power law in the limit of low frequencies.
The optical conductivity of a system of electrons on the honeycomb lattice interacting through an electromagnetic field is computed by truncated exact Renormalization Group (RG) methods. We find that the conductivity has the universal value π/2 times the conductivity quantum up to negligible corrections vanishing as a power law in the limit of low frequencies. Among the remarkable properties of graphene 1 , the optical conductivity is of special interest. Recent experiments 2 found that the conductivity in monolayer graphene is essentially constant in a wide range of frequencies between the temperature and the band-width. The observed value of the conductivity is equal, within experimental errors, to σ 0 = πe 2 /(2h), a universal value that only depends on fundamental constants and not on the material parameters like the Fermi velocity. This fact can be nicely explained in terms of the standard graphene's model of massless Dirac particles in 2+1 dimensions: in this case, by neglecting interactions and disorder, Ref.
3 predicted a value of the conductivity σ β (ω) at inverse temperature β and frequency ω satisfying lim ω→0 lim β→∞ σ β (ω) = σ 0 . The inclusion of lattice effects does not change the value of this limit 4 . This remarkable agreement with a theoretical value computed by neglecting many body interaction is, however, surprising and needs an explanation 5 . Indeed, the strength of the interactions in graphene is measured by the ratio α = e 2 v0 ∼ 2.2 (e is the electric charge and v 0 the Fermi velocity), which is 300 times larger than the usual fine structure constant. The effects of the interactions are clearly seen in experiments on the Fermi velocity 6 . Therefore, why is not there an essential many body renormalization of the optical conductivity, too?
On the theoretical side, a theorem proved in Ref. 7 establishes that the conductivity of electrons hopping on the honeycomb lattice and interacting via a weak Hubbard interaction is equal to σ 0 in the limit ω → 0. Note that, even if dimensionally irrelevant, the interaction can produce finite many body renormalizations: for instance, the Fermi velocity is renormalized by the interaction. Therefore, the universality of the conductivity is a non trivial statement, following from an exact cancellation of all the many body corrections.
It is, however, believed that the interaction in clean suspended graphene is not at all short-ranged as the Hubbard interaction (no screening), so that a more realistic description of the clean system requires the inclusion of the long-ranged electromagnetic (e.m.) interactions. In the case of static Coulomb interactions, Ref.
8 predicted a logarithmic renormalization of the Fermi velocity, namely v(q) = v 0 1 + α 4 log ε q where q is the momentum measured from the Fermi points and ε is the bandwidth.
First attempts to include the effects of a Coulomb potential on the conductivity 9 led to the conclusion that the interaction radically changes its behavior, that is lim ω→0 σ(ω) = 0, where σ(ω) is the conductivity in the limit of zero temperature. Later, Ref.
10,11 obtained the qualitatively different result lim ω→0 σ(ω) = σ 0 , based on scaling arguments. In particular, Ref.
10 found the formula
Note that the inverse logarithmic correction in Eq. (1) is a consequence of the logarithmic divergence of the Fermi velocity, and should be read as O(αv 0 /v(ω)). As pointed out in Ref. 5 , this correction is in general larger than the experimental error 2 . Ref. 12, 13 proposed that the way out from this apparent contradiction should be found in the constant in front of the inverse log corrections, whose correct value should be much smaller than the one computed in Ref. 10 . However, Ref.
14 raised objections against the new value proposed in Ref. 12, 13 , because the regularizations used in these works can produce unphysical results. The disagreement between the big (inverse log) corrections to the conductivity and the experimental data suggested 5 to phenomenologically postulate a Fermi liquid description of the interacting system: this assumption implies that the universal conductivity is reached at low frequencies polynomially fast (i.e., as ∼ ω 2 ) but is in contrast with the experiments in Ref.
6 . Eq.(1) was derived by assuming that the electrons interact via a static Coulomb interaction: however, the logarithmic increase of the Fermi velocity shows that the assumption of instantaneous interactions becomes unphysical at very low energy scales 15 . Therefore, the use of Eq.(1) and of the divergence of the Fermi velocity to predict the universality of the conductivity as ω → 0 is questionable. The unbounded increase of the Fermi velocity is absent in the case that the interaction with the e.m. field is introduced via the Peierls substitution in order to preserve gauge invariance. It is well known 16, 17 that in this case the Fermi velocity stops flowing at the speed of light c and Lorentz symmetry spontaneously emerges in the infrared. We compute the optical conductivity at imaginary frequency ω in a lattice gauge invariant model for graphene using truncated exact RG methods. We find an expression that is qualitatively different from Eq.(1), namely
which is very close to the universal one at low frequencies, up to a really negligible power law correction, compatible with the experimental results in Ref.
2 . The ω log ω dependence of the correction is not necessarily optimal, it may just be a byproduct of our estimates.
We derived Eq. (2) under the assumption that the values of the bare parameters are sufficiently close to the infrared fixed point (i.e., the bare Fermi velocity v 0 is sufficiently large). The extension of its validity to real frequencies and to a larger range of parameters, including those measured in actual graphene's samples, requires a microscopic justification that is quite difficult in view of the strength of interactions in graphene 19 ; of course, this is a caveat that applies to all the approaches based on expansions, resummations and truncations. In any case, it is reassuring to see that encoding a fundamental physical principle like gauge invariance into the model is sufficient to obtain results that are in good qualitative agreement with the experimental data, in particular with the observed dramatic increase of the Fermi velocity and with the universality of the conductivity up to negligible power law corrections at low frequencies.
The model we consider was defined in detail in Ref. 17 . Let us just remind here the main definitions. The grandcanonical Hamiltonian at half-filling is H = H 0 + H C + H A , with
δj · A( x+s δj ,0) ds + c.c. the gauge invariant nearest neighbor hopping term (here t is the hopping strength, δ j the nearest neighbor vectors and a ± , b ± the creation/annihilation operators of electrons sitting at the sites of the A or B sublattice of the honeycomb lattice),
where e is the electric charge,φ p is a regularized version of the static Coulomb potential and n x the electron number at site x. Finally, H A is the energy (in the presence of an ultraviolet cutoff) of the three-dimensional photon field A = ( A, A 3 ) in the Coulomb gauge. Units are fixed in such a way that the speed of light c = 1. Note that the interaction with the quantum e.m. field is introduced via the Peierls substitution in order to preserve Gauge invariance.
Proceeding as in Ref. 7 , where we computed the conductivity in the case of short range interactions, we define a "space-time" three-components vectorĴ p,µ , µ = 0, 1, 2, witĥ
the density operator andĴ p,1 ,Ĵ p,2 the two components of the paramagnetic current
where η
ω the Matsubara frequency, andK µν (p) is the currentcurrent response function, i.e., the Fourier transform of lim β→∞ J x,µ ; J y,ν β . We are interested in the conductivity, defined via Kubo formula as 4, 7 (here l, m = 1, 2):
where 3 √ 3/2 is the area of the hexagonal cell of the honeycomb lattice and
The current-current response function can be computed via the generating functional that, in the Feynman gauge, reads
which has been studied in great detail in Ref. 17 . In Eq.(4): (i) ψ ± k,σ are Grassman spinors (of the form ψ = (a, b), with a and b the electron fields associated to the two sublattices of the honeycomb net) and P (dψ) is the fermionic gaussian integration with propagator
where Z 0 = 1 is the free wave function renormalization, v 0 = 3 2 t is the free Fermi velocity and Ω( k) = ), where r = ± is the valley index. Moreover, A µ (p), µ = 0, 1, 2, are the Fourier transform of real gaussian variables and P h * (dA) is the gaussian integration with propagator w µν (p) = δ µν (2|p|)
is a smooth compact support function that acts both as an ultraviolet cutoff on scale |p| ∼ 1 and as an infrared cutoff on scale |p| ∼ 2 h * (to be eventually removed). Finally V is the interaction whose explicit form can be easily inherited from H 17 . The current-current response function can be obtained by taking the limit h * → −∞ and by deriving twice with respect to the external field J and then setting J = λ = 0. Field-field correlations or field-current correlations can be obtained similarly, by suitably deriving with respect to the external fields λ and/or J. Note that in writing the generating functional as in Eq.(4) we exploited gauge invariance and, more precisely, the equivalence between the Feynman and the Coulomb gauges. Another crucial consequence of gauge invariance is the following equation
By performing derivatives with respect to the external fields, this equation also implies a sequence of exact lattice Ward Identities, valid for each finite choice of the cutoff scale h * . In particular, proceeding as in Ref. 7 
An immediate consequence of Eq. (7) and of the continuity ofK µ,ν (p) in p = 0 (proved at all orders of renormalized perturbation theory 17 ) is that, for i, j ∈ {1, 2},
see 7 for the simple argument leading to Eq.(8).
The generating function (4) can be computed by exact RG methods 17 , which allowed us to prove that the response functions can be written in terms of a renormalized perturbation theory that is finite at all orders in the effective coupling constants, with explicit bounds on the n-th order contributions. In particular, after the integration of the degrees of freedom corresponding to momenta larger than 2 h , h < 0, we rewrite (setting for simplicity λ = 0):
where P (dψ (≤h) r ) and P (dA (≤h) ) have propagatorŝ
and w (≤h) 
where
) is the irrelevant part of the effective potential (sum of all the terms with more than three fields) and
with Γ 0 ( k) = 1 1 and
We can summarize the previous discussion by saying that after the integration of the degrees of freedom corresponding to momenta ≥ 2 h , we get an effective theory that is qualitatively very similar to the original one, modulo the renormalization of a finite number of effective parameters, namely the Fermi velocity v h , the wave function renormalization Z h , the vertex function Z 17 that ν µ,h = O(e 2 2 h ) (i.e., the effective photon mass vanishes in the infrared) and that the beta function for the effective charge is asymptotically vanishing, i.e.,
and e 0,−∞ = e 1,−∞ = e 2,−∞ . Moreover, see 17 , the wave function renormalization diverges in the infrared, while the effective Fermi velocity increases up to the speed of light, both approaching their limits with an anomalous power law: The above integration procedure leads to an expansion of the conductivity in terms of powers of e µ,h ; such renormalized expansion is a resummation of the naive perturbative expansion in e. It must be stressed that there is a big difference between these two expansions: while the one in e µ,h is order by order finite (with explicit bounds on the growth of the n-th order contributions 17 ), the naive one in e is plagued by O(log n ω) divergences at order n. Therefore, the truncation of the renormalized expansion is expected to give much more accurate predictions than the naive one.
By truncating the exact RG expression for the conductivity at one loop, we get contributions from the bubble diagrams in Fig.1 
where: (i) B is the first Brillouin zone and |B| = 8π
is the effective propagator on scale h, given by the same expression as Eq. (9) with χ h ( k ) replaced by the smooth compact support function
h , Z h , v h entering Eq. (14) are all functions of e: if we expanded them in e we would recover infinitely many graphs of the naive perturbation theory, all plagued by logarithmic divergences. Note also that Eq. (14) is not simply the "bubble graph" with the dressed propagator and vertices: e.g., if one thinks of the dressed propagator with momentum k as being obtained by resummations of the chain of self-energies, one has to take into account that the scales of the momenta flowing inside such self-energy sub-diagrams are higher than the scale of k, according to the rules of exact RG (which avoid the problem of overlapping divergences and, correspondingly, the emergence of n! factors at higher orders).
The computation of Eq. (14) can be explicitly performed, by making use of Eq.(12) and by carefully exploiting symmetry cancellations that make the apparent logarithmic divergence of Eq. (14) finite, see Appendix A for details. The result is Eq.(2).
Our analysis is based on a truncation of the exact RG equations, and the question of how to generalize it to the full RG expansion is a very interesting and important theoretical problem; so far, we succeeded in performing the full RG computation only in the case of short range interactions 7 . Another important open problem is to understand the analytic extension of the conductivity to real frequencies.
In conclusion, we considered a model of electrons on the honeycomb lattice interacting via a quantized photon field, previously investigated in Ref. 17 . The coupling with the e.m. field is introduced via the Peierls substitution in order to preserve gauge invariance. We showed that at low frequencies the conductivity is equal to the universal value σ 0 up to corrections O(ω log ω), which are much smaller than the 1/ log ω corrections found for static Coulomb interactions. Our results are a priori valid close to the infrared fixed point and the extension of their validity to a larger range of bare parameters (including those measured in actual graphene's samples) is based on a phenomenological assumption. Still, it is reassuring to see that it is enough to encode gauge invariance in a microscopic model for clean graphene to recover good qualitative agreement of the predictions with the experimental data. r F and neglecting for consistency terms of order O(e 4 ), which should be combined with the two-loops contributions)
where Ω r ( k ) = Ω( k + p r F ) and
The "relativistic approximation" consists in replacing Ω r ( k ), a 1,r ( k ) and a 2,r ( k ) in Eq.(A1) by ik 1 + rk 2 , by i and by −r, respectively. By performing this replacement, it becomes apparent that the r.h.s. of Eq.(A1) behaves dimensionally as
, which is logarithmically divergent as ω → 0. In order to prove the finiteness of σ ii (ω) in the low frequency limit, it is necessary to exploit cancellations, which follow from the use of a Ward Identity combined with an essentially explicit computation (using the residues' theorem to integrate k 0 out) of the r.h.s. of Eq.(A1).
Let ε be a small but finite fraction of the bandwidth (say, ε = t/10) and let us distinguish the contributions to the integral coming from the region v 0 |Ω r ( k )| ≥ ε from those v 0 |Ω r ( k )| ≤ ε. The former correspond to nonsingular contributions, which can be estimated as follows: we expand in Taylor series the expression in square brackets up to O(ω 2 ); we note that the term linear in ω is vanishing by parity in k 0 ; we bound dimensionally the term quadratic in ω as:
(A2) Let us now look at the the terms coming from the region v 0 |Ω r ( k )| ≤ ε. Note that the contributions from r = + or r = − are equal among each other, thanks to the symmetry under valley exchange. We introduce some shorthands: we define ∆ h = v h |Ω + ( k )| and
, so that, by performing the integral over k 0 using the residues' theorem, we can write the contribution to the conductivity coming from the region v 0 |Ω r ( k )| ≤ ε as
.
Let us first consider in Eq.(A3) the terms with the integrand proportional to W h,h , which can be rewritten as (defining V h,h = ∆ h + ∆ h )
: therefore, the term proportional to (k 2 ) 2 − (k 1 ) 2 is zero by symmetry, and we are left with a contribution dimensionally bounded as (using that ∆ h , ∆ h and V h,h behave dimensionally as ∼ k close to the singularity)
for ω ε. We are left with the terms obtained by replacing W h,h with 0 in Eq.(A3), which are given by
Using the Ward Identity Eq.(12) and the rewritings
and a 2,+ ( k ) = −1 + O(| k |) (valid close to the singularity k = 0), this is equal (up to terms coming from the "non-relativistic" parts of Ω + ( k ) and a i,+ ( k ), which are bounded as in Eq.(A5)) to 
Of course, these correction terms should be neglected, for consistency, because Eq. (14) is obtained by truncating the exact RG expansion at one loop. Putting all together we get Eq.(2).
